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Def. A subset S < ® i a regalor surface. if Y peS. 3 a nbd. VER and a map
X: U<k VoS of an open set USR onto VnS SR st
__m % i differentioble . ie. X (u.v) = (x(u,v). ylu.v). Zw.v)) all portial derivative of X ave contingous
__@ X i homeomorphism., ie. X_is i-1  onto. continuous and X~ exists , continuous
| mX sarisfies_the vegularity _condition . ie. Y ge U, the differentil d%, d¥: R ® is -1

 (we want the mop dX takes the unit vector in U into the tangent vector in VoS)

Nl

(U> ) i &@ \) Heve the mapping X is called parametrization
| Vn$ S // UnS_is colled coordinate. { local) nbd .

f v

4

3

o R

The vector e is tongent vector fo the curve Mi: 8-> (U.Vo) ea

= o) = Qsjg.) 3":(3 ,gu,au) s 9

z
i —_ ~
T_he_vggmn_ez_js_mng:n_mu_m_m;_mm Ya: V- (Uo V) M‘C Rs

| x
i‘ ox 24 3% ; & -
.Bm_lmngn-_cgrm_mu(mﬂ_), Jﬂ__)__d_gm = (3. 3v. o) 7 j L

consider r(t) = (OL+Uo. bt+ Vo) Y0 = (Uo.Ve) =8 , Fiy=(a.b) = w x
i & R aw & %
]hLmngﬁ-AMJ_Lﬂmi_ﬂMJMlJLM * T = 0%ut by

d%(aeitbes) = 03 1h3y = ad¥ien + bd¥aen o d% is o linear map. d%3

ke ax _dx y " %
d% s 1-1 &> Gu*Ge *O , ie. at least one of minors of B s nhonzero
=
L 20 2B kD e _ ( ")_zx_.aj__.?_x_?_!
= 2wy ey L awon IS nonzero . where “stovy = dee\ 2 3%) = Suov v au




No. 3

Date o6 * o 12
Def. Griven o diffeventiable mop F: U s R IR defined in an open set. U of R
_AW,BMMIM_MMM_MS&WLM___ "
Mjhc_lmnggjmgj?m_o&_a_ﬂmm_uom*&mm_a critical _value of F.
B point of R which is net a_oitical wlue i colled o regulor value of F

_ fUeRSR feesed s a bosis for |, dfen = i . dfen =ty . dfen=te

__aetw) i a regalor value ¢ x.{y.fe do ot varish simultaneously ot any. pomt_in the inverse

;;_Imagehﬂm,.' {(x.%,z)eU{":tx%.z): a}

2 2
Ex : S={(x,q.2)|x‘n§+z sd } . S center (0.0.0) , radiug |

let foy.z)= Xrgee £ is € fue ax fy=2y fe=22 > fu=0.fy=0.fs=0 ¢ x=y=2:=0

10.0.0) is o criticol point. of £ > 0 is a critical value of £, (0.0.0) & fihy = Loy ] dgess 5

L is a regular value of £, by Prop2., fu = S isa regular _surface.

Prop2. If £: U< R R is o differentioble function . a i o requiar_value of { , then f is a regular_surface.
_ (Hope ¥ = the graph of o differentiable function )

<pf> let p= (Xo. Yo Za) € fia) , where a_3s a regular value of £ we may assume %%’(9) ¥o
' © o
o 1 o
. Detine Fiﬂi—:‘ﬁ_&.ﬂx_.g‘i)i(w, Yoy 2)) , det (dFp) = ¢et(&__£9_&_).i L Zwso e

______ By TFT, 3 nbd Vof p and nbd w of Fipy st F: V> w R is differentioble . F exists_and diff.

i )
let Feuv.t)= (W.v.QU.V.t) S X=U,Y=V.Z=gw.v.t)

_In porticular, z =g.(_u-_LLL|LaLj§_ C and define_htw.v) = g.(u,v,t)ltm = glv.a), his c®

)
— Flwolwv.nit=a}) = Voltuv.guv.tilt-al = Vo {wy hwwnl = o

=1
=y
m
{
<<

___PLEL_BH_BLQD_LL_&L;L”VM__LBQNM sufce (2 FpnV = graph of h )

- -~ - - ‘ . =t -
__ Since,p is arbitary in Y 2. fa i a regular surface.

Cheyv cuiture
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Def. A regular surface S is_soid orientable . if Tt i possible. to cover_with a family of coordinate
~—fbd_in_such_a_way_that ¥ pe S belongs to Z nbd of these famlies .

..j&mjwmmm.mmﬁjnm_me‘ﬁammen,ted,. ¢
__l{_m_a_chnicejs_m_msﬂbl&, then S is_called - nonorientable

Ex: (.S con EM%MMW&LMILOVEMQbE@QM&il___“_
~—— @S s a regular snnchc_nnd_s_mn.be_mmmdq_tm_mmmemmmus_(,.X..,-,,u),. (X.U) and_

X 0 X(U) is_connected . then S is orjentable. -

alu.v) 2lu.v) alu,v) - - - -
B ¢ v M U I 1 R _then switch @m0, {Xa.Xs} = {% . %s

-3 unit_hormal vector field on S, X:U->§ parometrization, X: U—> S another _pavametyization

3 Xux X = Xa x Xy
- N:S—>R. N(P) = axxei _normal to_TplS) . pe Xw) 5 N(P) = Toorars

= 3w,
_NP) = Np) & 2a > o o . B

Prop. S_is_orientable <= S has a unit _normal vector field. which % diffeventioble (conti)

.sp{z_(aLI{_S_IS_QtEDLGleMD_D]Qk_QiQmﬂg_.o£._mmm.e&ﬂz_g:hn¢_nm\_e‘.3_iﬁ_;u;.1i§l =~ NS

Sluz.
_S=#XU_and Suvg 2o . i)

(Xi)u x (X2)v

00 XeUD) , define N(P) = Todax (v ) __normal_to Tp(S) . differentiable. . X is_differentiable.

2 NP)_is ditf._unit_normal _vector field of S

—{=) choose._a family of connected coordinate nbd {¥e(Undiex to cover §

(Xedux (x2) T . keep
o N® = Toowcta on i) = L= . change _uerv T Xduda U %o, foriay

S
?(ui, Ve) Oux ey _ Xux (i)

Cloim ©. 2w 7 2 . Set pe Xe(U2)o X305 , NP) = T b vl . 10 O]
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Fact : A reguiar surface may not be connected
Def. B surface § <R is soid to be connected . 1 any two of its points _can be joined by a conti. curve in&

Pm&ﬁ)@ﬂm_mfmws_}_.\maﬂg_gmm_&_uﬂgm&dmm
. (YpeS. 3 nbd Vof pin S st V.il_ﬂ_gmph__of_i\ffﬂmi&b@_fuumnn)

_sﬁ_>§_ﬁltegumju&a®_.ﬂ;ﬂémii§_gjm~ﬂ_wnmﬁtﬁ7MTnn of S . Xwwi=(x,4.%)

Let g€ Xip.in mmﬂm_mj'%ﬁ&&immgummmww

R UERaR . TeR = (. gun).dee(dmen)lg  SiMle 102 w3 s icomorphism

By TFT .3 nbd Vi of . Vo of TeXig St WeX:lUim> Vo is ¢ and_(w-%)" exists. C”

R -, |5 Y Voo Vi, (e )-'11.1}) = (o, vouy)) * (o) =% "o -
2. 2 (uoeg.viey) T o funcrion on Va St gmm_wmmnmmmm_gm

. (xm V). ulu,y) Z(u,y)) con_yewrite, oS Lx,g. Z{ux.q) .v(x,g)))

Change. of porameter . Differentiable function_on surface. —

Def. S s a regular surface . F: S— R is differentiable, i Y% of § st FoX:U¢ R— R is differentiable

Note If point p belongs to two coordinate nbd_with parameter (u,v) and (&.V).

__itTs possible to pass from one of two_paivs of coordinate to the other by o diff. transformation

Prop. (Change of parameters) Let peS. S is vegular surface in R.
Let ?;UQE-»SEBA T{‘:V.C.IRZ—,SSIR3 be tuwo parametrization of S st pe“)'((u)r\?‘(v)= w

__ then the gbnngg of coordinates h=%X"Y : Yoo = X 5.0 diﬁ(mmy_phjs_m '

[‘r\,rmm
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Application of Ist fundamental form R TR R WO

Determine the curve which mokes o constant. angle B with meridiams = & = constant

N
<sol> it) = (0. &) . ot) = (6. ¥tt)) = 6'Xo + & Ko . meridiam (0.®.) fixed

_ Tongent_vector of mevidiam_at_point. (8.%.) will be O Xe(8,¢) = Xo(6.¢) 7 6= |

< iy, Xe >

L <olit) Xe > = | ity |l Kol cosp > 056 T Tdmuml < dlity, Xe ».= 6

<dity, dity> = < 8 %o + $Xe . 6 Kot G Xe > = (6)E + 2680 F + ()76 = (60 + (&) sine

Bt 0rsme (607 = cosp [ (67 (¢ sie ) * (i- cose) (o) = cose sino (¢

> _sing (6) = CoSG sing (&) > tanp (6= Sin6 (6" > cscB- 6’ = CotB - o’

let e’dt =49, ¥dt = de =v-.[-.csce de = i-j cotB d® > |n|csco -cote | = tcotRe+ L = In tan 2

Area of Surface
Def. X: USRS s a_parametvization of S.S i a reqular surface. Q is an open set_in U< R

Define AR) =JJa | %ax % | dudy , where R= (@)

| Xux Xy 1= 1Rl 1% )" sine ,

- 2

- gy — _— 2 2 = - 2 T s ot = 2
IXux Xy 1+ ¢ Xu, Xv > = 1XallXvl = 1Xax Xv | = 1%l 1)~ < Xu. %y > > 1Nax %= Jea- 9"

Note. It is independent of X for A(R) , ie. if X:T—S is another parametrization of S st. ®F@=R=%(a

S - X
b (18 1% % ) dudy = ffoixux Xyl dudy . consider @: e % T U o e
2u 24 To S
u,v) ot v

e B ) %«ax)“xsm Jocobian of - chqnge pavameters ® from U to U. R

= 2% du , 2% 3y iu_’ 2v — _ 3% 3u _ 3x 3V Bu* v
. Xd " uan v aa  Xu%n ' RO , Xv T u v av v - Xupy ' XV oy

H"g | X x X3\ dudy = “}i 1Xux Xy 1] a((‘:- ‘m dldi,_i,ﬂol Xax Xv|dudv

Chwyvoulture
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Cor. A continsous map ®: Vi€Si->Sz of an. set Vi of v
_is diff ot peVi ,if given two paramenyization X : VLS B> §i % U Ros S ith pe KU, () € Xa(va

_ XredeXi:U— Uz is differentioble at qe Xiip)
W TN T A T ™
P~ b Sy Sz

Def. Two veqular_surfoces are_diffeomorphism , it a diff. map ®: Sy-> S differentiol inverse. -

Note. Bny_reqular .suwwmmm’
_ie.guen peS.3bd Vof p stV is diffeomorphic to an open US . (3®: Vo> diffeomorphism)

Ex:let S be symmetric with vespect to X-Y plane .ie. (x.y,2)€S > (x.y.-2)€d
_ Define ®:S—>S @0, y.2) = (x.4.-2). ¢ is diffeomorphism

EzAs__LMﬁ:Ji—:_Bi_.bLa i - 0X1S.
_let Se® s S is invarient_under the_rotation Res.

Lot peS . @ =Rep : S8, &' (Rea) = Reco . diffeomorphism

Ex : Sphere. Sz={.(x.g.z)l X+y's Z=\ }

xz g; z 2
b

Blipsoid E = Locg o] araster = }ab.cso

2 e Z
©: S> B, (Ly.2)-> (ar. by, 02). $0cy. 2= (& . 7C). @ is diffeomorphism
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Note. Let. S$1,82.83. be three requiar surfoces. Tt ©:$1->S2 and W:S2>Ss are diff. wap and peSi.
then d(® - W)p i d"\’?lp) o d¢p

<pf> peS, dop: TplS) = Tom(S2) , dWerp : Tap (S2) — Tuos(Sa)_

—Take_parametrizations for surfaces . (u,v) for Si.. (x. 42 for 2. (5.t sf" S M e
2
a8 ( oy T})
2 3 . -
—.white Pluv) = (eu.v) . datu.v) = x,y) . dOp =W T\ B/ -
2%
e Yo oy = () et ) = (5.8), dWep = e tog S\ e/ 0B
a6 a0 o 2% 3w, W 20 2o 3Wee)
o 3 2u a2y ou % 3V 2y v 2u e T
Ve o ¥y = AE - 22 3¢ a¥2 29 V> 3¢, 3Wa 202 Adze®)  Azow)
3 2u - 3y au I BV 3y v u v

Def. Let. Si and Sz be ‘two._surfaces , S1 and S2_are. colled_orthogonal _at. p.._pe 10 Sz

i their normal lines are perpendicular at p.

~hormol fine : o1() = i +tNi, dat) = X2+ tNa . X _parametrization of Sz, Ni norma) vector of S

Ex: Si: Xe g 2's

4y . S2: Xrgr2'=42 , dieck Si and Sz orthogonal 2

2 L2
______ foogor = Xvy-27e 2 quey.zr= Lo g+ (2-2) =S gwes
- V= (ax2ty-2).22) s normal to Si . ¥9= (2x,2y, 22-2)) s normol fo Sz e
<vi,vgr= 0  4xX+4y-8y+47-82=o

i 8i=82 &> y=2
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Remark. 1) B _regular pavametrized surface may. intersect itself

@ Reqular parametrized_surfaces are of the useful fo_describle set. % (surface)

___ wihich ove_veqular_surfaces expect for o finite number points and lines.

2
Prop. Let XU € K-> K be o pavametrized surfoce . let ge U then 3 rbd V of ¢ in R st

_ XweR® is o requiar_surfoce. (A porametrized surfoce is a local. vegular surfoce. )

<pf> We need to check that X :V—» X(v) is homeomorphism. .

- ol . s lys ot o
% is o regular pavametrized surface > d% is non- Singular . i€ 3w T 7. I XU.v)= (4. B)

" ¥
~ mgs';dg_t_m_mgm_MMX s UxR—> R, Rwy )= (xtuv).yuv) Ewwrt)

/ Xu Xv x:>
3 Ya Yy ye L 3 . T
_det(d¥g) i&.i&.ﬁxi&_j_‘z-_;__aﬂ&ii_;'_mﬂp_uyﬂmm

By TFT. 3V nbd of . Wi nbd of Xi@ . X:Vix R —> Wi is diffeomorphism

____X_is homeomorphism in a_nbd of %;_QL.K\Lf,.VmLJ.‘,,les}._js local _homeomoyphism.

Iﬂnggnx Plane
Def A tangent vector to_a regular surfoce S _at a_point peS is o tangent vector (o) of some

___di¥Y. parametrized covve,

T yis o tangent vector of §.34: IR, sz p.dor=y To={ver']

Prop. Let T:U € RS be o porametrization of a vegular surface S and let geV.

__the vector_space, of dimension Z_given by d¥z(R) . d% () = Tois) . Xig)= pe S,

. uhere TplS) = tangent plane to S ot Xigy= peS

<pf> (=) 0n U, we on take o stroignt {ine dit) = (at+Ue btt Vo), where (Uo.Vo) = dle) =g

/ 2 ’ — d s =
olt) = (0,b) € R, o) = (a.b), dXg (o) = Tt?(xod)m!tm € Tols) . = dXQ(lR'LE Tp(8)

C‘v-ycuﬂm
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=) Bny tangent vector con_be obtained this way Tp() < dXg(R) s -

7 S i o vegular surface .. % _is differentioble . (B: 1S, Bo=p.for=w)

——)

o let w=FloeTp® and (Xe8)® is differentiable i U, X (X" 8) =6 ) _

d ey —--l - s - 2
o Toke FE(X-(Fopitw) = ‘gqi B > d¥%(Xop)= Boy=w, where WedXg(R)L

Note. (0 Tpl§) MM_MLJM%_.?_&?V} = {5 %}

Prop. f: U € K> R differentiable function. o s regular_value of §. S LT S o

__S=tm is a regular surface (By Prop 2 ). Tps) = kernal_Ldfp: R>R Y, pel

<pFr () VETp® ,3a:T1 5§, dlo)=p. ol =¥, faen=0, 4t (2S=Ffwm) P
d d
e = EE Fe ) tlteo = e (Sraenllt=0 = 0 I R
(&) By Dimensional_Thm : dm(®) = dimker Ldfpd + dim(R) > dmkerfdfp}=2
_Tp6) < kernal {afpd , dimTels) = 2 = Tp(S) = kevnal Ldfp
Ex.L‘Sﬁn.,ﬂdMMm-mmmmemw e O Ol o B
FRSR fp=ip-er fov = S o TplSem) = kernal {dfp RoRY

d d a
dfptv) = H o 00 tz0 = T{,(ﬂa(u))ltﬂ = A -C, t)-C >tee = 2¢V.D-C> =0

_ e Tp(Sem) . v is perpendiculor to p-c . v 3 vadius vector

Prop. The map ddp: Tp(S)) = Tem(S2) ,.n\e.‘é‘u.s.«:p\_hgy..dﬁ!g!.w_)“_=__(s9_-_»(_)'19.1,i&_m_lincm_1:3{39_.__“____4~_~

R....Jnnd__ﬂlLg_ll(@_is_indeamdgnx_quih&,ﬂ\ﬂojggﬁ_gﬁuhe&_ﬁ.\_k&_q&Legu\gr_mr_fnm_ Bl
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<pf>let Xi(uv) and Xalu.v) be two parametrization of peSi and Pip) e Sz vespectively.

_Suppose P(u.v) = (du(ucty, veen), Dafucty. veey) = (T, T) 0

___Toke dtt) = (utr, vit)) , of : (-£,€)—> Si . then dity = {ut) , vier)

il

B8 = (9o D) = (r(uw, vee). Baluw, vien) , Binilt=o = @outrlteo = (ﬁ“* avV 1!‘“ ax v )'t-o
. <.Gio) depends only on ® and _the coordinate (Wi, Vo)) of w in the basis {%a.¥u}
. 2.d@p s o finear map of Tp(s) into Tew(S2) whose matrix_in the basis {¥a. Xv 3§ of To(si), {¥Xa. X5 ] of Ta

Ex: let S'c lR3 S;= {(x.glixz* l_.l'i? £ } ,let Rep : R R be rotation of angle © about Z- axis

___peS . compute (dReadpw) for we Tpl(S), let o« be o curve St dio)=p . Llor=w
___* Rep is o linear map on R. Ed (Regeat)lt = (Re.6 (aton) o) = Reotw) , dReep: Tp(S) = Tp(S)

Def. A mopping ®: U< S ->S2 is local diffeomorphism_at pe U .

if 3nbd VEU of p Mlv_is_diﬁmmmkm_mm_mn_m dv) €S2 -

Prop. It $1_ond Sz are veqular surfaces ®: U< S-Sz is a differentiable map of an open set UESI
__st._the differentiable map d® of ¢ qr pe U is isomorphism . then & is a local differentiable at p.

Def_ B oritical point. p of a diff. function §:S~> R defined on a requiar surface S at peS st. dfp=o

Ex: S reqular surface . §: S=>R s gven by fip = 1p-pot® ~
H veTes). 3 o diff pavametrized Curve of: (-£.£)=> S St olo)=p . dto) = v
. . I8
dfptv) = 9E (Fe )Wt=0 = ae (Flawn)le=0 = "‘g; <) Po, A= Polso = 2y popas - %

It pis a crirical point of £ LHS of % . df=0 = RHS of % <V, p-po>=o

T Cheyv cultur
normal iine of S ’ ¢
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Surface of revolution.

Toke a_veqular_surface in X-2 plane., C: R R, c = (fin.o0 W) . x=fw>0. . Z=gwiro . 0cvch

i.;u_gkzis.s_lkl_suﬁm_obmimd_hg,mmﬁng‘ﬁuwn&_m;;mL—mﬁs

where U={wwlocucon, acvebd, v = Hucosu, fwmsina qw) ek v @ ()
, ® ® ®
Xds et Xy = XV = u=u v= v frvocosu = $iv) cosit . Fwasinu = Fis sined 4w = g

2 ’ 2
Cr8»fu=th v fnze i fw-fh 2uzi  Ciaveguorcme L @>u=y
X_is_continuous , X' exists and _continuous { Homework )

- s X X X _ N % ’ " .
Lh:&k_dz_ﬁ_nmsingulqp fe. Ta*5v*O . u (‘\c(v)_sgu.&v)cosu .0 ) B o (£ cosu S sina 8_(&) o
2x4) o o a2y _ Ax,E) _
2w kv - 0 L Bww * duvicose - @ Sawr - tw gursing --- @

ﬁxﬁ =0 & 4 3 7 /

W T0P 0=0:=0:0 By®, fnro ~feﬁvl.a‘-._g_.th_Q«@d-ﬂV)(gmlig s.gw=o .
Y Lis areguiar corve  : fwso.gwso > d¥ icvon-singalar
Def. B_paramerrized. surface. ¥: U € oo R is differentiable_map_ The set X) R is colled_the troce of X

e . a6 s 2 3
. ,.A,l».le‘sag__us_mgu\mJ£._the_d1££amﬁaL.dzs.;,lR:zJK_is_l:L_Lmn;smgum) Ygel S—
3 s
Ex:let «: 1> R to a regulor curve with nonzero curvature. -
. Define X(t.v) = sty s vl Y1 € Ix R, where X:U> R, u={enlvaol  differential v
% _ . " K. X % ’ , , "

AL T AB VL), By T Y D FEX BV Z At xdit) + Vi x Al X0 Y kxo o, d¥ IS non-singular

C{ N

—..2:X() is o requiar parometrized surface _which consists of two connected pieces _nihose _common_boundry_is

_The maps gen by %i: >R b={lwwlvrol, %wv) = aw+ vy

l 3
X2 : Uz—bﬂZ,Uz={(t,v)|v<o}>

_ L %) ond Xa(U2)_ore reguior parametvized surfoce. e e

Cheyv culture
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The fivst fundamental form 5 Brea

Def. Tp: Tp(S) = R is defined- by Tptw) = ¢w.wrp =iwl . § i regulor surface

___The quodratic form Tp-on T, of S cIf atpeS

Let &) be o curve given by o= ¥ (uie).vi) on S. wiite o©)=P.= X(Us, Ve)

—_— — s

Tpldw) = <Fao + Xy v, Koo+ %o vo> = @f)'e Koo XKoo > 120 ¢ Koo, Xv > + (W < Xy, Xv. >

3 Tols) = spon L Xa %o}, coll BE= ¢ R, Fu>, FocKu, K2 6= cKuik>

)

R

Nows

* = WE+ 20V F + (V6 ELF. 6 :coeff of st fundamental form

In general. W= a¥u +bXv i o tongent yvector at p. Tptw = G+ 20bF +. b6

Ex : compute the first fundomentol form of sphere

X(0.4) = ( Sinp cos®. Sin@sind. cose) . Tpld) = sm{ %o %

YS = { cos® cos® , cos@sing . -Sin8 ) , Xe = (-G sind , Sind cosd . o )

E=<Yo.Re>»=1 F=c% Xe>=0, G=<¥o. Xe> = sin6

L V=0% +bXe . Ipw=a+bsine , Y veTpl®

| | 2
— \'\/,/‘/_ __Rhumb line ( Loxodromic' line) : A line on o sphere that cuts all

E‘ﬂywcukun
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UER ——

T
- (. \ —iafArﬁw’mmwf—— "
\_/ \‘\ Yv) ' \/

M = e —

<
-
| ]
!

_<pf> h=%5F_is homeomorphism . b is i=1.onto . continuous_and K exists . continuous . I'= Y7o X

3lx.4)

let veYon.geXia st. ho=g . Since X _is a.parametrization -of S.. Assume that atuvilg ¥.©

 Extend X to F:UxR :_ﬁbgﬂmnz(xm,wmm;)__;&kﬂﬁmnmﬂe_ﬁ__, .
Xu Xy Xt Xu Xv ©
Yu yv Ye Y o

. df@=\a 2,_;;) detME@.?L.L)LM:&M_:LBS_W_M_W_._

By IFT.F” exists and &i6F, 3 nbd U of . W of Fi@ recpectively F”': Wos U differentioble

. Clearly, F'luns = ¥ Eluxis = %) hence. h= X ¥ is the some as =Y rvestict on Yiwns)

= his differentigble . the similar_reason for b is. differentioble. -

Def £:VeS =R i differentiable at pe S, if for some parametrization of S e

XU S uith RV, fo%: U IR is differentioble .ot Xim

. In particular, £ is differentioble on V. if it is differentioble ot every pawmt of V.

Observe that if £: W< R—R i diffeventioble . then £ls is differentioble. (3% of S st fo% i diff)

i} D .. N

R iea ; Y. <

. 14 \
Ex: The height function given by o normal divection T, with IRl= 1 /. W >

/ -
I e

~, @

1B/

(B> R, pet fipr = p-1_differentible . P4 = 0P -cos0 = 0P - W /
B
3 g 29 7
_ $:ScRoR . peS . fp=p-F differentiovle. = /
0
a,

E’L}_D\SINLCL.SQQQX&.'fu!l&ﬂon_f_'-_\i:z_&_‘.,dlfj&mi\_p:_%f.i <p-g.p-g> <. ¥:S>R differentioble
d=q@=1p-gl=<p-g. pf%ém. <.g:5183 >R _differentioble .

J
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Ex: Evalue the area of the spheve Sf,,,'ise,ﬂ: ($ind cos® , SnBSInG , cos) . Q =1 (6. 0¢6.9< L}
LI}
RGO = F 86 = JaJEETE dudv = J2 )% sedede = & - ne) - an )

Suppose. that. Siand Sz are_surfoces . We. Say  that they ave  locally - isometric

i '&m_en;h_péSn A% : U= S with Xi(Ue,Ve)=P and Xe: U— Sz st

Iptwn = Tp(wa) . whenever Pi= Xifu.v) . Po= % (uv), for (wvrel

ie. #f=% o X" R(U) > Ke(v) s 1-1_correspond that._preserve the | st £ and distance preservary.

~

Ex: Si: plane , X(uw.v) = (u.v.0) Sz : Cylinder . X(u,v).= (cosu, sinu, v.)

Xa=1(1,0.0), Xv=1(0.1.0), Xa=(~sinu.cosu.0) . Xv=(0,0.1)

E=<Xu,Xu>=l= E=<s(‘; ;(\;‘7,F=<Xu,Xv)-’O=E_G|=(Xv,Xv’=(‘.é

<. S1is locally isometric to Sz . but St and. Sz are not_globally isometric i

2 The point far oway in Si con be closed in S —
Orientation_of a_sarface

{e:‘ez} iS a positive orientation basis , {e/, ez'.}. is another -positive orientation bosis
7 ’ 7 ’
€1 x €2 = det(B)(eixez) , {el..CZ} ond fe’. e} have same orientotion &> det(A)»>o0

on SER. Tps) hos o bass {xaxv} . so tha {xa.xv} gives an_orientation on X(v) N

3w, v)

H.X:U=§ i onother parametrization of S If x(u)n X(5) % & . Xz x Xg - 2@, Xax Xv

o & Au, v)
Hence {%i. %53 and {Xu %} gue_same _orientation <= S 7o
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TnverseFunction Theorem : -

l.eLE;\l_S_E“_—zl\l'-\___l&a_dﬂﬂe@Mmmmg.M&mmmgu_ﬁ\e... differentiol map

dFp: R— R is an isomorphism , te. det (dFp) % © -

Then 3 nbd Vof p in U and o nbd W of Fn in B, F: VoW has differentiol inverse F: W->v

Quadric_Surface : Bx + Bgif_g.__iiz Dxv Byt Fe+GxgrHyz+ g v J =0

let B = a constont 4x4 symmetric matrix (8= 0)

Quadric Surface S & given by S = L ue ] (1 o) Buxe o) = 0} wis.a vector . u=(2)_column matie

let £: R R =0 urn(a), Sy =S we wont o show that. 0 is o vegular vole of €.

df: B> R toke. pe for, dfotnr =2 , wheve w s a vestor : R

/ d 1
ler o bea reqular CuYve . d(0)=p. «0) = W LAfpw = g Fe)ltas v (Foadir = (1 ) B _(As:.tm.).__w__,~ i

o) = 2 (Fowllieo = (0 W) B + 28 ld) = 20 yald) .

dhwizo, Yw & ( pIA= (ko) pd&; » k=o

reqular value no Solutions
0 _is.a critical_value <> (1 p*) A = 0 has Solutions o . i
& . _{ 3 2 m 2 }
Ex: Hyperbolid given by S=10cy.2)eR|-x-gv2’=1 " il

__wcheck S is o vegular surface : let §: BB fbuiisas gr2*, then S =fw = {(x.l‘,L,Z)H(x.lé.z)f- 3

PR =-2y Az = 22, they are ot equal to zero simutanously. unless_X=0.g¢=o0,2=0

However . (0.0.0) is a Critical point of ¥, 1 is a reqular value of £ . by Prp2.

_w find the parametrization of S : S can be represented as_ Z= 1+¥+y’, has two sheets : tJiexvy’
Filx.g) = (x.y. oEg) . Xabey) = (x.y. - Tocry®)  differentigble. v homeomorphism ¥

o 1 o
! Y _ = (“ L ) Axw) _
dx ( _o) ,3_!11.1) det v%0 4% =\-n-a/. uwm der (68) % 0 s s

{én,-r culture
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Mobius band : one of parametvizatio jon X(u.v) = ((1-Fvsin(4)) sing, (1 vsin()) cosu "z-cos(%)) f

U ={ wv)]ocucom, -n,g_v_g_xg_}

=1 _ - =i
let G=u-%, %(G,0)= (L-Tvsin(252 )cosﬁ__,-(I'-'z-vsin(u—:i)sinﬁ,-'z-hos(l‘iz*-))

Prop. If . regular surfoce. is given by S={0ey. o)y mr=ad  where §: US> R 1o giff.
——ond _0_is o reqular value of £, then S i orientigble.

7 4 d
—let 4 be a requar carve on S o((t)=(x(t),_g(.t_).Z(t)),..,v#..(.t).-"(%%.'?Tu't )

o) = (xe . yo), (o)) = P fam) = a_. take derivative wrt t  T-0

d ,
= _.._fx.%_im_%zc”tm > vy gt P

£ #
e NEEh PR e® o wed®, fiis) > by prop. S done 1 _
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Ex: U={(e.¢>10<e<n.o<¢,m} i‘:U—zJB’ %(0.9) = (SinBcosd . Sin@sin®. cos®) . XKW €S e

atx.4) (4.2 3(x.2) —
200.0) . C0sG SInG a(g__ﬁ 57“96084’ 20,8) - $in0 sin -, d%g s Im:,&]ng‘nn\'__,______,__ﬁ__,_,_

T=Rinbi Usiiasilochen —napenl & Tuo 2= €5 @o, mo.mnld

5 E {(0.0,1) ,(o,o.—l)} is.a mgulaLs.udnce .....

= a3
Ex : Sz={(x,g.2)lxz+q’*83=4_l},x:US—R—;\R X;(uv)-,Lu v, memv) U= {Lv)luqv<l}

St o, oM., 2
WX ble = a2y ® . BviEac0 . ]i-u’ Vi m,,_,_ __________________________
%1 is_homeomovphism : i-1.0nto. continuous. Xu(u.v) = KW,V 2 u=d v=v

X exists . continuous (7 X is the vestriction of projection (x.4.2)-> (x.y) to X(0)

®. ?;-_L LI W dec( )_,f,..?.,..__f.'_AZi_is._mn;sjngulun_m_
_ Xi(U)_is_upper_hormisphere s % : U= R s tuv) = (u.v, - Jwse ) lower hormisphere
Ty Xiw=SE E={ .y, 2)| e y=y LZ=0} S e e
v = (0 EeEE. v ), X () = (u - V), Xstuavd)= U uv) Xelv) = (=T, u.v) i
,;27“”) =§ tid ey reqular_surface. P P -E e S

Prop 1. 1f £: U < B> K is o differentiable function on an open_set e K S

i _..,A:d\_en_th_e&_gﬂph_pf_i_’xs_a_r.egulgr surface , ie. {(x.ﬂ,{(x.g))l xeU.yeV § -

pfa let T:US B> R define Fww = (wv.fiav) L e

X5 differentioble v ] =

@ X s i-1onto . X" exists . continuous.. X' is the restriction to_the groph of projection (x.y.2)—> (x.y)_

3 Xp i -Si :‘g't:_'%l)=(ql)*°

f‘—,*eu"un



